Abstract
Introduction
When analysing switching power converters, it is necessary to derive expressions for voltage and current waveforms in various parts of the circuit. One method in achieving that is by using the circuit theory approach where differential equations of the system are solved either analytically or numerically with known initial conditions [1] [2] [3] . The second analysis method, using switching functions, started to develop at the early 80's and it fits well in the analysis of power converters ‫.]8ـ4[‬ States of power devices are described with switching functions [9] , which get the values of ones and zeros. Furthermore, under steady state periodical operation, the switching functions are presented by analytical expressions in the form of the sum of infinite number of sinusoids. Although the second method could be very powerful, very little research work has taken place in this area; the time has come to reveal the true potential of the application of the switching function in power electronics.
In this paper a General Switching Matrix Circuit (GSMC) [4] is first investigated together with two matrix expressions relating input/output voltage and output/input currents by using the switching function method [9] and the analysis is presented in section 2. The 3‫ـ‬phase full-wave controlled rectifier mathematical model is derived from the GSMC and the matrix expressions in section 3 of the paper. In section 4 of the paper, the effect of overlap is easily modelled and these results may be used to design active filters for compensation of both line current and line voltage harmonics. This paper emphasises on the modelling of the 3-phase full-wave controlled rectifier while the active filter design is outside the scope of this paper and would be considered in future publications. Section 5 of the paper presents the comparison between the obtained results (using MathCAD) from the closed form mathematical model of sections 3 and 4 and the results from simulation (using PSPICE) and practical circuit implementations.
Two sets of switching functions, one for the thyristors and one for the overlap periods are derived. The effect of overlap on the input phase and line voltages is derived and analytical expressions for the distortion voltage are derived. These are useful in two ways: Assessing the problem of injecting voltage and current harmonics into the system and designing the PWM modulating signal for the accompanying active filters.
This new approach gives analytical expressions for both the input voltage and the input line current that is necessary for building PWM operated active filters. The output current is not approximated to a perfect dc and the effect of overlap on the input line current is neither ignored nor approximated to a trapezoidal shape as is the case of other analysis techniques [10] . These approximations lead to a more optimistic view of the extent of mains pollution due to a three phase ac to dc converter [10] . The analytical expression of the line current, in this paper, represents a waveform which is very close to the simulated and practical waveforms.
The analysis steps presented in this paper can be summarised to take up the following main 
The General Switching Matrix Circuit
In this section the two matrices connecting input-output-voltage and output-input-current are derived for the General Switching Matrix. The General Switching Matrix will be used in the next section to derive the 3-phase rectifier circuit and the two connecting matrices will also be used to derive expressions for the output voltage and input current.
All voltage fed power electronic circuits can be derived from a GSMC. This is shown as a row (r) by column (c) lines matrix; each vertical (input) line is connected to all horizontal (output) lines with r switches [4] . In Fig.1, c input 1. In a row, only one switch may be closed at any one instant of time, otherwise the voltage sources are short-circuited; i.e., no two input lines may be connected at the same time to the same output line.
2. At any times, each output line must be connected to an input line to avoid high dv/dt across the switches caused by interrupting the current flow in the case of inductive loads.
The general matrix expressions relating input and output voltages, input and output currents are derived by considering 1×1, 3×1 and 1×3 switched circuits.
The 1×1 Switching Circuit
Consider a single switch circuit, as shown in Fig.2 -a, connecting a voltage source (t) V 1 to a load; the output voltage is )
The simple switch circuit of Fig.2 -a may also be realised by considering one vertical and one horizontal line from the GSMC as shown in Fig.2-b . In this figure, Switch S 11 connects between the input line (r=1) and the output line (c=1). When S 11 is closed, the output voltage, 
The switching function, ) ( Fig.2 -c can also be represented mathematically by the following expression:
where, n = is a positive integer number 
The 3×1 Switching Circuit
In Fig.3-a, 
Where the switching functions satisfy the generalised conditions 
The circuit herein represents a 3×3 matrix converter with bidirectional switches. By eliminating the third row in the above matrix equation, and readjusting the switching function, the resulting equations would represent a three phase full wave ac-dc converter bridge .
The 1×3 Switching Circuit
In this circuit (Fig. 4-a) the output currents are reflected to the input by the switching actions of the switches. Therefore the current at a single input line is made up from the contributions of the 3 output lines. Therefore this 1×3 circuit is developed to derive an expression of the input current in terms of the output currents and the appropriate switching functions. Consider the output lines 1 to 3 of the general circuit diagram (shown in Fig.1 ). These are connected to the input line 1, for a period of time during which the appropriate switches are closed as shown in Fig.4 -b. The two restrictions mentioned earlier in this section still apply to this configuration.
The current in input line 1 takes the value of the current flowing in the particular output line for the period of time during which the corresponding switch is closed.
Hence the input line current is made up from the contributions of the output lines,
Condition 2 stated above for the number of switches turned ON in the switching functions ( 11 F ,
21
F and 31 F ) is also satisfied when these switching functions overlap implying that more than one output line is connected to single input line. In other words 1
. This is conformal with restriction 1 stated above.
Similarly for the second and third columns of switches connecting the three output lines to the second and third input lines giving ) (
Equations (6-a), (6-b) and (6-c) can be put into a matrix format and the input current matrix can be expressed as: 
The new generalised condition applies in this case as above 
The 3-Phase AC to DC Controlled Rectifier
All voltage fed power electronic circuits can be derived from the GSMC (Fig.1) . In this case, the three phase converter circuit is derived from the GSMC by considering three input lines and two output lines as shown in Fig.5 -a. Furthermore, the two connecting matrices of equations (4) and (7) are employed to derive the input-output-voltage and output-input-current expressions of the three phase converter.
Input/Output Voltage and Current Equations
The matrix expression for input and output voltages may be derived from Equation (4) and can be expressed as:
Substituting equations (9-a and 9-b) into (10), yields
In the same way the input line currents in the 3-phase converter can be expressed from equation 
Substituting equation (14) into (13), yields
The three phase Full Wave Thyristor rectifier shown in (11) can be used to derive the output voltage and hence the output current. Equation (15) can be used to derive the input currents.
The displacement power factor, total harmonic distortion, distortion factor, and the frequency spectrum of the input current can be extracted from the input line current expressions.
The Associated Switching Functions
It was stated in section 2 that the switching function describes the switching action of the switch and in the case of the three phase ac to dc thyristor converter it describes the switching action of the thyristors. Therefore the conduction period of a thyristor defines the on period (2δ) of the switching function associated with the specific thyristor. A thyristor is conducting when it is forward biased and the appropriate gate requirements are satisfied. Hence the conduction period (2) can be generalised to every switch in the matrix as: The term
is the phase angle  in equation (2) and is a function of the triggering angle 'α' and the position of the thyristor in the matrix circuit 'i' and 'j'. Hence Equations (11) and (15) give the output voltage and input current respectively for the three phase controlled thyristor converter. The general switching function equation in (16) is applied. The effect of overlap is not included in these equations. This is going to be dealt with in the next section.
Extended Analysis with Overlap Consideration
The input phase voltage is distorted by the overlap. This characteristic of the rectifier is not included in expressions for the output voltage (11) and input current (15). The distorted waveforms of the actual input voltages would be required in the design of any appropriate active filters. New switching functions will be developed here to take account of the overlap.
The first overlapping period takes place at 30 plus the triggering angle α. Each overlapping period is phase displayed by 60 o after the first one, as marked by the letters "A" to "F" in Fig.6 -a.
The overlapped periods can be represented by relatively narrower switching functions (F m (t)),
where m indicates the order of the commutation and can take the number from 1 to 6 ( Fig.6-b) .
F m (t) can be expressed as:
where, ). It is also the mains frequency.
The overlap angle 'γ' is usually calculated by considering a perfect dc output current. In this paper 'γ' is calculated, as it is shown in Appendix A, by considering a finite value of the load inductance and hence more realistic calculations of the overlap periods. Fig.6 -b is a display of the input phase voltages and the associated switching functions for the analysis of the three phase controlled rectifier.
Input Voltage Distortions
The input voltage of the 3-phase converter can be split into two sections: during the overlap period and during the period free from overlap.
During the first commutation, marked as 'A' in Fig.6-a, 
During the periods in the mains cycle when there is no overlap the phase voltage to neutral appears undistorted at the input of the converter. The input voltages without the overlap effect can be derived by considering a set of switching functions which are derived by subtracting the overlap switching functions (F 1 (t), F 2 (t),…, F 6 (t)) appropriate to each phase from '1'. The voltages during the overlap-free periods are denoted by the superscript 'NO' as shown in the following equations:
Hence the phase voltages at the input of the converter are derived by adding the corresponding equations in (18) and (19). These computed voltages are denoted by the superscript 'A' as shown in equations (20) below and displayed, using MathCAD, in Fig.7 -a. The converter has been also simulated using PSpice actual electronic components and the simulated results (shown in Fig. 7-b) show a very close agreement to the MathCAD results.
The line voltages with distortion (notches) are given by:
The distortion voltage is the difference between the voltages without distortion and the voltages with distortion. This is derived from equations (20) which gives the phase voltages during overlap. The voltages during overlap are subtracted from the phase voltages (V 1 (t), V 2 (t) and V 3 (t)), during the periods of the overlap. This is performed in equation (22) below, which gives the distortion voltages of the input phase voltages.
The line distortion voltage is found from (22) as the differences of phase voltages. Table 1 . The results are computed based on a load resistance (R ld ) of 8 and a load inductance (L ld ) of 1mH. The triplen harmonics are missing in consistence with the three phase configuration. Moreover, the magnitudes of the harmonics are slowly falling in consistence to a narrow pulse as is the case of the phase voltage distortion (Fig.8) . It is worthwhile to note that a series compensator in the form of an active filter can make use of the data in Table 1 to derive its PWM modulating signal [11] . This is outside the scope of this paper. 
Output Voltage
The output voltage without overlap of the converter was given in equation (11) as the product of the input voltage and the appropriate switching functions. The output voltage with overlap can then be derived by replacing the undistorted input voltage in equation (11) with the distorted input voltage of equation (20).
Equation (24) is expanded and the dc component is also derived from the expanded expression of the output voltage by setting n = 1 in (n-1) terms [9] . An equation of the output dc voltage under overlap is found in Appendix B.
Output Current
The output voltage, U Out (t) is driving a current I Out (t) through the load impedance (L ld , R ld ). This impedance is defined as the "harmonic impedance" [9] .
Where, ω = switching frequency, (
). It is also the mains frequency.
An expanded expression for the output current is found in Appendix C.
Input Current
The input current given by equation (15) assumes zero source impedance and hence no overlap.
In order to include the effect of overlap, the line current is divided into two sets of time intervals:
The first set of time intervals is the periods of time between commutations. Hence thyristor switching functions (16) are modified in order to exclude the periods of the overlap. This is performed by subtracting the appropriate overlap switching functions (17) from the thyristor switching functions. With reference to Fig.6 , the line current in the first line, which is unaffected by the overlap, is given by
The second set of time intervals in the first line is the overlap periods which are four per phase, as shown in Fig.6-a 
Equation (28) gives the transient of the rising edge of the current in the second line. At the same time (during commutation at point C) the current in the first line is falling and in accordance with Kirchoff's current law, this current is the difference between the output current and the current in the second line.
Equation (29) gives the falling edge of the positive pulse of the line current in the first line.
The negative pulse of the current in the first line starts at the 4 th commutation (point D in Fig.6-b ) and ends at the beginning of the 6 th commutation (point F). Both the rising and falling edges of the positive pulse, equations (27) and (29) seconds, respectively. For the rising edge of the negative pulse the transient of equation (27) is shifted by T 4 seconds
For the falling edge of the negative pulse the transient of equation (27) is shifted by T 6 seconds
Finally, the current of the first line is given from Expressions 26, 27, 29, 30 and 31 as 
I t I t I t I t I t I t
The order, magnitude and phase of the individual line current harmonics including the fundamental can be directly derived from equation (32). It is worthwhile to note that an active filter compensator can make use of this data to derive its PWM modulating signal.
Summary
By employing the switching function technique, outlined in this paper, a number of closed form analytical model equations are derived describing the steady state performance of the three phase controlled rectifier. The input voltage distortion is expressed in equations (20) 
Conformity to Simulation and Practical Results
In order to ensure that the proposed technique of General Switching Matrix Circuit (GSMC) with the analytical expressions presented in this paper (refer to section 4.5) is valid and conforms to reality, these proposed equations are used in MathCAD and simple direct substitution (without recurrence to any integration used in simulation techniques) is used in the above equations (for input and output voltages and currents) to generate the steady state performance waveforms characteristic to the three phase controlled rectifier circuit. The resulting computed waveforms are plotted and compared to both ordinary simulation technique and practical implementation results for comparison and to prove the effectiveness of the proposed technique. Fig.9 -a displays the first line (phase a) input current computed from the above equations using
Conformity to Simulation Results
MathCADd. It is a more accurate representation of the line current with overlap than the conventionally used trapezoidal approximation normally employed in ordinary simulations [10] .
The test conditions for this case are as follows:
V peak = 380V line to line, R load dc side = 3, L load dc side = 40mH, L supply ac side = 50H
The thyristor converter circuit is triggered at a delay angle of  = 18°.
These computed results of Fig.9 -a are compared to ordinary simulation results (using differential equations solution) from PSPICE. PSPICE results, based on actual electronic component simulation and shown in Fig.9 -b, illustrate an exact simulated input line current waveform conformal to that of Fig.9 -a.
Conformity to Practical Results
Furthermore, an experimental setup was implemented in order to compare the waveforms The test results depicted in this section have the following parameters:
V rms = 380V line to line, R load dc side = 32, L load dc side = 180mH, L supply ac side = 1mH
The thyristor converter circuit is triggered at a delay angle of  = 7°. Fig.10 shows a comparison of the practical results ( Fig.10-a) and the theoretical results using MathCAD ( Fig.10-b) . In both figures the phase voltage and line current are displayed for = 7°
(note the 30° shift between the first line current and the beginning of the first phase voltage).
Considering that in the proposed switching function technique the thyristors are considered as ideal switches, it is then clear that there exists a close agreement between the practical results and the theoretical results using MathCAD.
The voltage and current measurements, of Fig.10 -a, were performed using voltage and current
Hall Effect Transducers with output amplifiers, respectively. Their respective gains were 220Volts/Volt-Measured and 0.4Amp/Volt-Measured. Please note that the datum of each of the two waveforms shown in Fig.10 -a are located at the channel marker points (1 and 2) situated at the left side of the figure.
An expansion of the first commutation period is illustrated in Fig.11 -a (practical implementation) and in Fig.11-b (MathCAD computations) . Again a very close agreement is observed in these two figures. In the full range of triggering angles the maximum error observed between the practical and simulated results was 2.5%.
Conclusions
This paper presents a fast, accurate, and effective steady state mathematical model for analysing 3-phase full-wave controlled rectifiers. Such an approach enables the assessment of the problem of injecting voltage and current harmonics into the power system and designing the PWM modulating signal for the accompanying active filters. The proposed technique cancels the requirements for the solution of differential equations in order to assess the system performance under various control conditions. This in effect will greatly reduce the requirement for simulation times since the problem reduces merely to substituting in analytical equations. This is outside the scope of this paper and would be considered in future publications.
The mathematical model is based on the derivation of an appropriate set of switching functions.
Once the switching functions are derived, the output current, input current, input voltage distortion and output dc voltage can all be easily derived and generated from the application of is the overlap period γ (T E ).
The value of γ derived from the textbook formula [10] is pessimistically large and is a good candidate for a worst case scenario. The switching functions describing the instances of overlaps at which line 1 is taking over from conducting line 3 are F 1 (t) and F 4 (t) as shown in Fig.6 -b. The new switching function, F OT (t), is derived as the summation of the two switching functions and is given by:
Where γ is a value of the overlap period derived assuming a perfect dc [10] . It is chosen because it yields a larger value than the true γ.
During this overlap at the point denoted by 'A' (line 3 to line 1, Fig.6-a) a pulse of the line voltage V 31 (t) is applied to two source impedances [10] .
Expanding and simplifying The end of the period of the overlap is marked as T 1E seconds (Fig.A) . The magnitude of the output current at that instant ) ( The period of the overlap, T E , is calculated from (A4). The overlap angle γ is then derived as
where, T E is the time duration of the overlap and T is the period of the mains
Appendix C: MathCAD Current Equations
Output current expanded expression R  
OUTPUT CURRENT
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